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(PDLODGGUHVV VHQWKLOYHO#FLWHGXLQ
$PDFKLQHLVMXVWDWLPHVFDOHZLWKFHUWDLQWLPHLQWHUYDOVDYDLODEOH7KHPDFKLQHFDQSURFHVVDWPRVWRQHMREDWD
WLPH DQG QR SUHHPSWLRQ LV DOORZHG 6FKHGXOLQJ GHFLVLRQV VKRXOG EH PDGH DFFRUGLQJ WR D FHUWDLQ PHDVXUH RI
SHUIRUPDQFH RU VFKHGXOLQJ FULWHULRQ DV HODERUDWHG E\ 6XOH  ,QGXVWULHV MRE VKRS VFKHGXOLQJ LV D FRPSOH[
SKHQRPHQRQWREHVROYHGZLWKQRYHOFRPSXWDWLRQDOPHWKRGV-REVWKDWDUHILQLVKHGHDUO\FDQOHDGWRLQYHQWRU\ORVV
DQGILQLVKLQJMREVODWHOHDGVWRFXVWRPHUGLVVDWLVIDFWLRQ,QJHQHUDODFRQVWUXFWLYHRSWLPL]DWLRQPHWKRGWULHVWR JLYH
WKHEHVWSRVVLEOHVROXWLRQ2QWKHRWKHUKDQGDQLWHUDWLYHSURFHVVLPSURYLVHVDQDVVXPHGLQLWLDOVROXWLRQZKLFKPD\
WDNHDORQJWLPHEXWWKHRSWLPDOVROXWLRQPD\EHDUULYHGDWLQDVWLSXODWHGWLPHIUDPH+HQFHDFRQVWUXFWLYHPHWKRG
RI RSWLPL]DWLRQ LV SURSRVHG 7KH -63 LV 13KDUG DV GLVFXVVHG E\ /HQVWUD HW DO KDV EHHQ FRQWLQXRXVO\
FKDOOHQJHGE\FRPSXWDWLRQDOUHVHDUFKHUV$VWKHGXHGDWHDSSURDFKHVSURFHVVLQJVSHHGRIWKHMREVFDQQRWEHDOWHUHG
DVGLVFXVVHGLQ0LFKDHOHWDO
$ VHW RI Q LQGHSHQGHQW MREV KDV WR EH VFKHGXOHG RQ D VLQJOH PDFKLQH ZKLFK FDQ KDQGOH RQH MRE DW D WLPH
$VVXPLQJWKDWWKHUHLVQRSUHHPSWLRQRIMREVDQGWKHPDFKLQHLVDYDLODEOHIURPWLPHW RQZDUGV/HWWKH-REVEH
L «QKDYLQJSURFHVVLQJWLPH HDUOLQHVVSHQDOW\ DQGWDUGLQHVVSHQDOW\ DUHQRQV\PPHWULF(YHU\MRE
KDVD&RPPRQ'XH'DWH ,I6LVWKHRSWLPDOVFKHGXOHWKHQWKHREMHFWLYHLVWRPLQLPL]H
)6 )(6)/6 
:KHUH)(V σ ሼ ሺ െ σ ሻ ሽൌͳൌͳ DQG)/V σ ሼ σ ൌͳ െ ሽൌ ൅ͳ
7KH&RPPRQ'XH'DWH G DQG WKH UDWLR EHWZHHQ HDUO\ DQG ODWH SHQDOWLHV DUH WKH GHFLVLRQ YDULDEOHV &KHQJ DQG
*XSWD  3DUWKDVDUDWL 'LOHHSDQ  7KH SUREOHP LV D UHVWULFWHG SUREOHP )HOGPDQQ DQG %LVNXS 
VWXGLHGWKHUHVWULFWHG(DUOLQHVVDQG7DUGLQHVVSUREOHP LQZKLFKG σ   -$+RRJHYHHQ  HWDOGLVFXVVHG
WKH HDUOLQHVV DQG WDUGLQHVV SHQDOWLHV DUH WDNHQ DV V\PPHWULF  ĮL   ȕL IRU DOO MREV 8%DJFKL FKDQJ HW DO 
GLVFXVVHGQRQV\PPHWULFFDVHZLWKDOOĮL DUHHTXDODQGȕL DUHHTXDO 'LUN%LVNXSHWDO FUHDWHG WKHEHQFK
PDUNVIRUVFKHGXOLQJMREVRQDVLQJOHPDFKLQHE\FRQVLGHULQJ WKH&RPPRQ'XH'DWHDVWKHGHFLVLRQYDULDEOH,Q
WKLVSDSHUZHGLVFXVVDERXWWKHUHVWULFWHGSUREOHPZLWKFRPPRQGXHGDWHDQGWKHHDUO\DQG ODWHSHQDOWLHVEHLQJQRQ
V\PPHWULFDQGGLVWLQFW
7KH VHTXHQFH RI MREV L  Q LV SDUWLWLRQHG LQWR WZR VXEVHWV (- DQG /- DFFRUGLQJ WR WKH UDWLR  7R
PLQLPL]H)6WZRVHWVDUHFUHDWHG(-DQG/-7KHVHW(-KDVMREVZLWK ൑ ͳǡ WREHFRPSOHWHGEHIRUHWKHGXH
GDWH LQDQRSWLPDOVHTXHQFHDQGWKHVHW/-KDVMREVZLWK ൐ ͳǡ WREHFRPSOHWHGDIWHUWKHGXHGDWH 
6HFWLRQGHVFULEHVWKHMREVFKHGXOLQJDFFRUGLQJWRWKHUDWLR ൌ
െ
LIWKHVXPRIWKH SURFHVVLQJWLPHVRI(-
ZKLFKLVOHVVWKDQWKHFRPPRQGXHGDWH DQGWKHLGOHWLPHRIWKHPDFKLQH6HFWLRQGLVFXVVHVDERXWWKHVHTXHQFH
LQZKLFK WKH VXPRI WKH SURFHVVLQJ WLPHV RI(- LV JUHDWHU WKDQ WKH FRPPRQ GXH GDWH  6HFWLRQ  SUHVHQWV WKH
PHWKRGRORJ\RI WKH+HXULVWLF5REXVW$OJRULWKPEDVHGRQ WKH UDWLR  ,Q VHFWLRQ UHVXOWVZLOOEH LOOXVWUDWHGDQG
FRPSDUHGZLWKWKHEHQFKPDUNUHVXOWV)LQDOO\FRQFOXVLRQDQGIXWXUHZRUNZLOOEHGLVFXVVHG
 5DWLR6HFKHGXOLQJ
&DVH
,QDVHTXHQFHLI σ ൏א ሺ ሻ WKHQWKHUHLVDWLPHJDS ሺ Ȃ ሻ ሺ ݄ ൌ σ א ሺ ሻ ሻ EHIRUHWKHGXHGDWH
 $OVR LI ׊ א ሺ ሻ  LWV  ሺ െ οሻ WKHQ WKH VWDUWLQJ WLPH RI WKH JOREDO RSWLPDO VHTXHQFH LV HLWKHU ൌ
Ň ሺ Ͳǡ Ȃ ሻ ŇRUŇ ሺ Ͳǡ ൅ Ȃ ሻ Ň ZKLFKGHSHQGVRQ ൌ DQG LVWKHSURFHVVLQJWLPHRIDMRELQ
/-ZLWKPLQ ȁ ȁ 7KHVFKHGXOHLVVDLGWREHRSWLPDOLIPMREVRI(-FRPSOHWHEHIRUHWKHFRPPRQGXHGDWH DQG
QPMREVRI /-FRPSOHWHDIWHUWKHFRPPRQGXHGDWH 6LQFH ൏ DQGHDFKMRELQ/-KDVOHVVHUSURFHVVLQJ
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WLPHWKDQ ሺ Ȃ ሻDQGLWLVQRWEHQHILFLDOLIDMRE ࣅ /-FRPSOHWHVEHIRUHWKHGXHGDWH VLQFHLQWKHVHW/-
!DV LWZLOO LQFUHDVH WKHSHQDOW\7KHUHIRUH WKH MREZKRVHFRPSOHWLRQ WLPHFRLQFLGHVZLWKFRPPRQGXHGDWH
EHORQJV WR HLWKHU(- RU/- GHSHQGLQJRQ ൌ  ,I ȁσ ȁ RI/- ൐ WKHQ VWDUWLQJ WLPHRI WKH VFKHGXOH  LV
ൌ Ň ሺͲǡ െ ሻȁǤ ,I ȁσ ȁ RI/-൑ WKHQ WKH VWDUWLQJ WLPHRI WKHRSWLPDO VFKHGXOH  LV ൌ Ň ሺͲǡ ൅
െ ሻ ŇZKHUH LV WKH SURFHVVLQJ WLPH RI D MRE LQ /- ZLWK PLQ ȁ ȁ 7KXV LI ൌ ȁ ሺͲǡ െ ሻȁ WKHQ WKH
PLQLPXPSHQDOW\LV
)V σ ሼሺ െ σ ሻ ሽ ൅σ ሼሺσ െ ሻ ሽ
LH WKHFRPSOHWLRQWLPHRIWKHODVW MRERI(-LQWKHRSWLPDOVFKHGXOHFRLQFLGHVZLWKWKHGXHGDWH ZLWK]HUR
SHQDOW\ $OVRLI ൌ ȁ ሺͲǡ ο ൅ െ ሻȁWKHQWKHPLQLPXPSHQDOW\LV
)V σ ሼሺ െ െ σ ሻ ሽ ൅ σ ሼሺσ ൅ െ ሻ ሽ
LHWKHMRELQ/-ZLWKPLQ ȁ ȁPRYHVWRWKHVHW(-DQGWKHFRPSOHWLRQWLPHRIWKHODVWMRERI(-LQWKH
RSWLPDOVFKHGXOHFRLQFLGHVZLWKWKHGXHGDWH ZLWK]HURSHQDOW\
&DVH
,I σ ൏א ሺ ሻ DQG א ሺ ሻǡ ൐ ሺ െ οሻ WKHQWKHVWDUWLQJWLPHRIRSWLPDOVFKHGXOHLVW DQGDMRERI
/-ZLWKPLQ ZLOOPRYHWR(-
+HUH ∆ <  EXW VRPHRI WKH MREVRI WKH VHW/- KDV WKHSURFHVVLQJ WLPH > ( − ∆)/¶- LV WKH VXEVHW RI
/-ZKRVH > ( − ∆)DVVXPLQJWKDWWKHUHLVQRMREZLWK = ( − ∆) ZKLFKZLOOEHGLVFXVVHGLQQH[WFDVH
,QDOO WKHRWKHUFDVHVH[FHSWFDVH LW LVDGYDQWDJHRXVRQO\LI WKHVWDUWLQJWLPHLV = 06LQFHWKHUHLVDWLPHJDS
– LWLVSRVVLEOHWRSURFHVVHVDMRERI/-EHIRUHWKHGXHGDWH EXWWKHFRPSOHWLRQWLPHRIWKDWMRELVDIWHUWKH
GXHGDWH ZKLFKGHSHQGVRQ LHDMRERI/¶-ZLWKPLQ PRYHVWR(-DQGWKHQLVVFKHGXOHGDFFRUGLQJWRWKH
HDUO\RUGHUDOJRULWKP7KHUHIRUHDWPRVWRQHMRERI/-PRYHVWR(-5HPDLQLQJMREVRI/-ZLOOEHVFKHGXOHG
DFFRUGLQJWRWKHODWHRUGHUDOJRULWKP7KHUHIRUHLQWKLVFDVHWKHQXPEHURIMREVFRPSOHWHGEHIRUHWKHGXHGDWHGLV
OHVVWKDQRUHTXDOWRP
&DVH 
,I ∆ < DQGLIDWOHDVWRQHMRERI/-ZLWK = ( − ∆) H[LVWVWKHQWKHVWDUWLQJWLPHRIWKHVFKHGXOHLVW DQG
WKHFRPSOHWLRQWLPHRIDMRERI(-RU/-ZLWKPLQ | |DQG = ( − ∆)FRLQFLGHVZLWKWKHFRPPRQGXHGDWH .
/HW/¶-EHWKHVXEVHWRI/- ZLWK = ( − ∆). ,QWKHVHW(-LI (∆ < ), WKHQDMRELQ/¶-ZLWKPLQ
PRYHVWR(-DQGLWLVVFKHGXOHGDFFRUGLQJWRWKHHDUO\RUGHUDOJRULWKP7KHUHIRUHPMREVZLOOEHFRPSOHWHGEHIRUH
WKHGXHGDWH DQGWKHMRERI/¶-ZLWKPLQ RUDMRERI (-LVFRPSOHWHGH[DFWO\DWWKHGXHGDWH ZLWKQLO
SHQDOW\7KHUHPDLQLQJMREVLQ/¶-LVFRPELQHGZLWK/-DQGZLOOEHFRPSOHWHGDIWHUWKHFRPPRQGXHGDWH 
1RZLQWKLVFDVHWKHHDUO\SHQDOW\LV
)(V ∑ { ( − ∑ ) } 7KHODWHSHQDOW\)/V ∑ { ( ∑ − ) }
7KHQ)6 )(V )/V
 (DUO\RUGHUDOJRULWKP
/HWWKHVHW(-EHLQLWLDOO\DUUDQJHGDFFRUGLQJWR LQDVFHQGLQJRUGHU)LQDOL]HWKHVHWV(-DQG/-DQGWKH
VWDUWLQJWLPHW$IWHUZKLFK(-LVVFKHGXOHGDFFRUGLQJWRWKHUDWLRRILWVHDUO\SHQDOW\DQGSURFHVVLQJWLPHLH
1476   A. N. Senthilvel et al. /  Procedia Materials Science  5 ( 2014 )  1473 – 1481 
< ,I = WKHQ > 
 /DWHRUGHUDOJRULWKP
/HWWKHVHW/-EHLQLWLDOO\DUUDQJHGDFFRUGLQJWR LQGHVFHQGLQJRUGHULWLVWKHQVFKHGXOHGDFFRUGLQJWR
WKHUDWLRRILWVODWHSHQDOW\DQGSURFHVVLQJWLPHLH > ,I = WKHQ < 
 5H$UUDQJHPHQWRI (DUO\6HW
,I WKHVXPRI WKHSURFHVVLQJ WLPHRI WKH MREV LQ(- LVJUHDWHU WKDQ WKHFRPPRQGXHGDWH LH ∑ >∈ ( )
WKHQLWLVREYLRXVWKDWWKHVWDUWLQJWLPHRIWKHVHTXHQFHLVW DQGWKHQXPEHURIMREVLQ(-FRPSOHWHGEHIRUHWKH
FRPPRQGXH GDWHGEHFRPHVOHVVWKDQRUHTXDOWRP
6LQFH ∆> , VRPH MREV LQ (- ZLOO EH PRYHG WR /- 7KH MRE LQ (- ZLWK PD[ | | LV PRYHG WR /- DQG ∆
EHFRPHV ∆ − 7KHSURFHVVUHSHDWVXQWLO ∆< $OVRWKHMREZKRVHPRYHPHQWPDNHV ∆< ZLOOQRWEHPRYHG WR
/-LI > ∆ − IRUWKHFRUUHVSRQGLQJMRE
&RUROODU\
,WLVREYLRXVWKDWWKHFDVHGHVFULEHGDERYHLVDOVRDSSOLFDEOHWRWKHVHTXHQFHLI/-LVHPSW\LHLQWKHJLYHQ
VHTXHQFHDOOWKHMREVZLWK  ≤ IRUWKHUHVWULFWHGSUREOHP
 +(85,67,&52%8676&+('8/,1*$/*25,7+0
6FKHGXOH-REV/LVWRI-REV/FRPPRQGXHGDWHG-REVKDYHWKHDWWULEXWHVOLNH-RE,G3URFHVVLQJ7LPH SL
(DUO\ 3HQDOW\ /DWHSHQDOW\
^ 6RUW/EDVHGRQ5DWLR)DFWRULQQRQGHFUHDVLQJRUGHU5DWLR)DFWRULV
^
8SGDWH5DWLR/LVW
`ZKHUH > ∅  ∅  KLJKHUUDWLRVKRXOGEHVFKHGXOHGEHIRUHORZHUUDWLRLQHDUO\RUGHU
6SOLW5DWLR/LVWLQWRWZR/LVWV(DUO\/LVWDQG/DWH/LVW
IRUHDFK-RELQ/
^
LI ≤ 1 8SGDWH(DUO\/LVW
HOVH8SGDWH/DWH/LVW
`
-REVVXSSRVHGWREHLQHDUO\VFKHGXOHOLVW
ZKLOH ∑ >  ∑ RI(DUO\/LVWL WRWDOQXPEHURIMREVLQ(DUO\/LVW
^
0RYHWKH-REWR/DWH/LVW6XEMHFWWR0D[ LIWKHGHQRPLQDWRULV]HURWKHQPRYHWKDWMRE
ILUVW5HPRYHD-REIURP(DUO\/LVW
`
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